Transport in a Dissipative Luttinger Liquid 
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We study theoretically the transport through a single impurity in a one-channel Luttinger liquid 
coupled to a dissipative (ohmic) bath . For non-zero dissipation r] the weak link is always a relevant 
perturbation which suppresses transport strongly. At zero temperature the current voltage relation 
of the link is / ~ exp(— i5o/eV^) where iJo ~ rj/n and «: denotes the compressibility. At non-zero 
temperature T the linear conductance is proportional to exp( — \/Ci?o/fcsr). The decay of Friedel 
oscillation saturates for distance larger than L,, ~ 1/r] from the impurity. 

PACS numbers: 72.10.Bg, 73.20.Dx 
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Introduction. One dimensional interacting electron 
systems behave quite differently from their higher di- 
mensional counterparts. Whereas in two and three di- 
mensions interacting electrons form a Fermi fluid charac- 
terized by the same quantum numbers as free electrons 
[H, the excitations in one dimensional electron systems 
are of collective nature - essentially because the electrons 
cannot avoid each other. To create a single electron re- 
quires the excitation of an infinite number of these col- 
lective phonon-like excitations (plasmons). In this case 
electrons form a new state of matter: the Luttinger liquid 
(LL) ii. 

Renewed interest in Luttinger liquids arises from 
progress in manufacturing narrow quantum wires with a 
few or a single conducting channel. Examples are carbon 
nanotubes Q , polydiacetylen Q , quantum Hall edges @ 
and semiconductor cleave edge quantum wires 0]- More 
recently LL have been realized in the core of a screw 
dislocation in hep '*He crystals [1]. 

A clean LL is a marginal supersolid exhibiting both 
a power law decay of superfluid and 2k f density corre- 
lations. It is described by a single parameter K which 
is a measure of the short range interaction between the 
electrons, with K > 1 for attractive and ii' < 1 for repul- 
sive interaction, respectively. In a contact free measure- 
ment a clean Luttinger liquid has a finite ac conductance 
Giu) = Ke'^/h, provided the system size L is smaller 
than — v/ut [3, [I^, 11 1, denotes the plasmon ve- 



locity. In the opposite limit L ^ v/ut the system has a 
complex conductivity (t(w) ~ 2vG / {—iuj + e), similar to 
a superconductor. 

An isolated impurity leaves the linear zero tempera- 
ture conductance of the LL unchanged, provided the in- 
teraction is attractive. This result is independent of the 
strength of the impurity. For repulsive interaction, on 
the other hand, the conductance vanishes at zero tem- 
jerature as G ~ y2/K-2^ where V is the applied voltage 
13, [S]- At non-zero temperatures T the conductance 
G ^ 'j^2/K-2 j-gjjiaing finite even for y — > 0. 

In realistic systems electrons in a LL couple to other 
degrees of freedom, e.g. to phonons or to electrons in 
nearby gates. These degrees of freedom act as a dis- 



sipative bath lj|. In particular it has been shown re- 
cently that the coupling of a clean LL to gate electrons 
results in an ohmic dissipation of the electrons in the 
LL [l^. Dissipation introduces a further length scale 
Ljj ~ l/{Krf) where r] denotes the dissipation strength. 
On scales L > plasmons become diffusive and dis- 
placement fluctuations are strongly suppressed restor- 
ing translational long range order (Wigner crystal). If 
^ Lri, i.e. Kvri ^ w, the conductivity a = 2e'^/{hri) 
is finite which is paralleled by diverging superfluid fluc- 
tuations. 

The question arises what is the influence of dissipation 
on the transport properties of disordered LL? This ques- 
tion will be addressed in the present paper. In particular 
we study the influence of weak dissipation on the tunnel- 
ing of electrons through a single impurity. It turns out 
that the dissipation strongly suppresses tunneling and 
hence changes the power law dependence of the conduc- 
tance on V and T to an exponential one. 

The model. We consider spinless electrons in a one 
dimensional wire which are coupled to a dissipative bath. 
In the center of the wire is a single impurity of arbitrary 
strength. Following Haldane [16j] we rewrite the charge 
density p{x) as 



p = TT ^ {kF + dxf )[l + cos{2ip + 2kFx) + 



(1) 



where f{x) denotes a bosonic (plasmon) displacement 
field. The Euclidean action of the system then reads 0] 
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L/2 h/2kBT 



2ttK 
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dxdri -{dripr +v{dxipy (2) 



- W{(p)6{x) 



-L/2 -h/2kBT 

h/2kBT 

ttKt] 



dr' {ip{x, t) — ip{x, t'Y 
2 J [h(3sm{TT{T-T')/hl3)Y 

-h/2kBT 



For K <^ 1 ^ describes also a charge or spin density 
wave, K ^ Q corresponds to the classical limit. W{i.p) 
is the impurity potential which is a periodic function of 
periodicity tt. The last part of ^ describes ohmic dissi- 
pation 'l4'|. It was derived from a pure Luttinger liquid 
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coupled electrostatically to a metallic gate in [l5| where 
it was found that such a coupling is only relevant for 
K < K,^ = 1/2. This fact can be taken into account 
by writing 77 = rjo^^^ where denotes the Kosterlitz- 
Thouless correlation length diverging at the transition 
K — > — and 770 is a dimensionless coupling constant. 
Since there may be other sources of dissipation which 
survive also for i^" > 1/2 in the following we will assume 
that rj > 0. 

Effective action. In treating the influence of the impu- 
rity we first consider the case of zero temperature. After 
Fourier transforming (fi{x,T) = Ji^fk,uje^''^~^^'^'^ where 
f = f ^ etc. the harmonic action reads 



Sq 



2TrK 



-uj^ +vk^ + Kr^\Lo\}\ipk,J^. (3) 



The last term in ^ describes the (weak) damping of 
the plasmons of complex frequency ujp v{k -\- iKri/2). 
The upper cut-off for momentum and frequency are A 
and uJc , respectively, ujf^ = min{vA, i?diss/fi-} where 
i^diss corresponds to the maximal energy which can be 
dissipated by the bath. For simplicity we will assume 
that they both are of the same order of magnitude. We 
integrate now in the standard procedure over the degrees 
of freedom outside of the impurity. The resulting effective 
impurity action now reads 



(4) 



where (pui = J dT(l){T)e ''^'^ and (/)(t) = ip{x — 0,r). As 



can be seen from ^ for low frequencies, w < 



the behavior of the system is controlled by the dissipa- 
tion. For very large values of lu and sufficiently small 
dissipation, rj <^ A/K, the effective action includes also 
a contribution J^w^l^^^P [§]. 

Weak impurity. Since W{(l)) is a periodic func- 
tion we can decompose it in a Fourier series W{(f>) — 
J2'^=iWnCOs(2n(j)). For weak impurity strength we can 
calculate the renormalization of W{(j)) perturbatively. 
This gives for the flow equations of Wn 



dw„ 



(5) 



Since the effective action depends in a non-analytic way 
on the frequency there is no renormalization of K and rj. 

For 77 = we recover from ([5]) the result of Kane and 
Fisher [12| namely that the impurity is a relevant pertur- 
bation for repulsive interaction and irrelevant for attrac- 
tive interaction. As soon as the dissipation is switched 
on the downward renormalization saturates at a length 



scale A" 



Ljj. 



Thus the impurity is a relevant per- 



turbation even for attractive interaction, provided the 
dissipation remains finite in this region [17|. 



Strong impurity. In the case of a strong impurity po- 
tential the main contribution to the partition function 
will come from configurations 0(t) = mr with n integer, 
interrupted by kinks which connect these pieces. These 
multi- kinks configurations are saddle points (f>s (t) of the 
effective action For very large impurity strength 

kinks are narrow and hence are characterized by the high 
frequency limit of ([4]) . A solution with n kinks and n an- 
tikinks can then be written as 

2n 2n 

</.,(r) «7r^e,e(r-r,), e, = ±1, ^ = (6) 

i=l 1=1 

where Q{t) is the Heaviside step function and the kink 
positions. In frequency space the saddle point configura- 
tion can be written as 



(7) 



i=l 



The partition function then reads 



^ = E E 7^ / rf-i...dr,„e (8) 

Here t = e""^'*'"''/'' is the tunneling transparency, S'kink ~ 
^Jw\ denotes the action of an isolated kink and /(t) is 
the kink interaction 



fir) = / div^ ^-^^ (1 - cos(cc>t)) (9) 

Jo ^ 

Using a soft cut-off ^ ^r^l^^ in ^ one obtains in the 
limit of LOcT 3> 1 as an interpolating expression (up to a 
constant) 



/(r) w InWcT -I- {^-KVJjKTf^"^. 



(10) 



The logarithmic interaction prevails for small kink-anti- 
kink distances r whereas for larger r the interaction ex- 
hibits power law behavior. 

A strong impurity can alternatively be considered as 
a weak link between the two half-wires x < and x > 
0, respectively. It is therefore convenient to rewrite the 
partition function ([5]) in a form in which t denotes the 
strength of the non-linear terms. This can be done in the 
standard way [li,[ll] with the result Z ^ J vee-^""'^"'^/^ 



ScS 



■y/cj^ + vriK\uj 



2t / drcos26'(r). 



We can now consider the renormalization of t which is 
given by 



(^1- K-^^I + tjKc^/aJ t. (11) 



3 



Again 77 = reproduces the known result [I4I that the 
weak hnk is renormalized to zero for K < 1. In the dis- 
sipative case the hnk is renormahzed to zero for all K 
provided 77 remains finite. Thus from ([S]) and (jlip we 
conclude that the impurity is always a relevant pertur- 
bation [17 1 . 

Transport. Next we calculate the current / through 
the impurity. The tunneling rate T and hence the current 
follows from 

hr = 2{kBT)-Hm\nZ{V), Z = Zq + iZi (12) 

where Z(V) denotes the partition function in the pres- 
ence of an external voltage V. Zq includes the (sta- 
ble) fluctuations of the cfhtield close to a local minimum 
(j) = nn whereas Zi includes the voltage driven (un- 
stable) fluctuations which connect neighboring minima 
(j) = rnr —f{n + l)7r. Since the the strength of the impu- 
rity is renormalized to large values we can use the saddle 
point approximation employed in the previous paragraph 
for the calculation of Z. To obtain the saddle point ac- 
tion it is sufficient to consider a configuration consisting 
of a pair of kinks with distance r 



Sir) 



K 



fir) + 25kink ■ 



eV 



In T. 



(13) 



Here we have taken into account that the voltage creates 
a term —e / dT(j)V/TT in S 2l|. The last term is of entropic 
origin and describes fluctuations in the kink distance. 
The saddle point follows then from 



K 



fir) 



eV 
IT 



0. 



(14) 



This gives in for larger voltages for the saddle point Tc ~ 
{2/K — l)h/{eV) and hence for the current 

I ^e-^^^-^ ^t^eV/f^cf^^~\ eV^tiuj, (15) 

i.e. we reproduce the result of Kane and Fisher fl3| for 
the conductance G ^ {eV /hwc)^^^^'^ . On the contrary, 
in the dissipative limit vrjKr 3> 1 we get for the saddle 
point Tc ~ 2'Krivh^ / [e^V"^ K) and hence for eVn <C rj 



(16) 



Here we introduced the compressibility k = K/ (nvh). In 
the case of non-interacting electrons k coincides with the 
density of states [2§|. As expected, the dissipation re- 
duces the current with respect to the Kane-Fisher result 
strongly. This means that the tunneling density of states 
is suppressed more than a power law [23| . The cross-over 
between ([16]) and (fTS]) happens at eV/h « rjv. An inde- 
pendent calculation using Fermi's "golden rule" gives for 
the pre-factor AiV) ~ (r?/K(eF)3)i/2 (^j. 

Next we consider finite temperatures. In this case the 
extension of the r-axis is finite. Hence there will be 



a cross-over from (1161) to a new behavior when the in- 
stanton hits the boundary, i.e. if Tc ~ H/kBT. In the 
dissipation free limit this results in a conductance G ~ 
[kBT/huJcY/^-'^. In the dissipative case this eV to fc^T 
dependence cross-over happens for eV ~ ^j2rikBT / k. 
For larger T the current is given by 



/ « B{T) exp <^ - 



nkBT 



V, KkBT < C77. (17) 



The calculation does not allow a precise determination 
of the numerical constant C (C = 8 from the present 
approach). The result resembles variable range hopping 
but results here from sequential tunneling through in- 
dividual impurities. An independent calculation gives 
B{T) ~ r2 [KT/r^f^ ~ 



24|. 



A simple way to reproduce ([TT]) follows from integrat- 
ing the flow equation for the transparency (jlip and trun- 
cating the RG flow at the thermal dc Broglie wave length 
Lt — hv/kBT of the plasmons 3]. This gives an effective 
tunneling transparency 



tcff ■ 



to 



hvA 



exp 



nkBTn 



(18) 



The total current is then proportional to i^jj which agrees 
with (fT7|) apart from the value of C. 

Friedel oscillations. Finally we calculate the charge 
density oscillations close to the defect. In the absence 
of dissipation they decay {p{x)) ~ cos{2kpx)\x\~°' where 
a = K for K < 1 und a = 2K - 1 for K > 1 To 
determine the averaged charge density we write 

Tr{p{x)) ^kF = (d^^) + kp cos(2fcFa;)e-2<'^'(^» . (19) 

The disorder average in the first term vanishes. To cal- 
culate the second term we remark that in the presence of 
dissipation the impurity is always relevant, its strength 
([5]) growths under renormalization. To determine the 
large scale behavior of {p{x)) it is therefore justified 
to assume that ip is fixed at the defect. The fluctua- 
tion {ip'^{x)) is therefore identical to ^{{if{x) — (p{—x)y 
From this one finds for x <^ L^, {p{x)) ~ cos{2kFx)\x\ 
i.e. the power law decay well known from Luttinger liq- 
uids. However for |a::| 3> L^j the amplitude behaves like 



)')■ 

-K 



{p{\x\ » Lr,)) 



TT ^kp cofi{2kFx) 
(2y^M^-f 2y+l)^ 



1 



KLr 



(20) 

with y = ujc/(vr]K) = AL,,. 

Many impurities. So far we considered the influence of 
dissipation on the transport through a single impurity. 
In the case of many randomly distributed impurities with 
mean spacing a we expect no influence of dissipation as 
long as a <C L,^. This agrees with our previous findings 
on Gaussian disorder [26| where weak dissipation has to 
be taken into account to guarantee energy conservation. 
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In this case one finds variable range hopping with only 
a weak dissipation dependence if one restricts oneself to 
exponential accuracy. For ^ a it is suggesting that 
if Lt <SC a the different impurities are decoupled and one 
observes single impurity behavior. 

Conclusions. We have shown that the inclusion of 
weak ohmic dissipation has a dramatic effect on the 
transport properties of a LL through a single impurity. 
The voltage and temperature dependence of the conduc- 
tance is reduced from power laws in the dissipation free 
case to an exponential dependence, eqs. HH), P7)) . 
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